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A Solution of the NT model

This appendix provides details on solving the N7 model in Weber (2011b). The nonlinear
equilibrium conditions of the NT' model are the equations (1), (2), (5), (6), (7), (9), firms’
technology, the market clearing conditions, the consolidated budget constraint, and a speci-
fication of monetary policy. Moreover, the analyst knows the aggregate price level (11) and

aggregate output Y; = n (Pn¢/P;) Cne + (1 — n) (Pry/Py) Cry.

A.1 Symmetric flexible-price steady state

This appendix derives the symmetric steady state with flexible prices. The pricing equation
(9) implies that, with flexible prices, all product prices are equal to the optimal price P*.
This optimal price is equal to a constant markup over marginal costs, which are the same for

all firms.

Symmetric price levels: Imposing Py = Pr on the definitions of the price levels (1) and
using the fact that product prices equal P* determines the scalar I' such that it normalizes

the mass of products in Cy to unity:

F:/ ~5itdj
Jt

To solve this integral recall that the mass of new products with age s;; equal to unity is J at
each date t. The N household consumes a fraction « of these products. Therefore, the mass
of new products that N consumes is §7. The mass of products with age equal to two that
N consumes is (1 — §)y2. This term accounts for the initial mass of the cohort, the death
shock, and the fact that N only keeps v of the products it consumed in the previous period.
More generally, N consumes d(1 — §)*y**1 of the products with age z + 1 at time ¢. Summing
over all entry cohorts z = 0,... 00 delivers I' = 3% §(1 — §)*v*™ or I = /(1 — (1 — §)7).

By construction, this value of I' also normalizes the mass of products in Cr to unity.

Symmetric consumption levels: With Py = Pp, equation (7) is uc(Cn, &) = uc(Cr, §)

and implies Cy = Cp. The remaining equilibrium conditions yield:

0—1 hi(L)
61—7) A ’

’U,C(CT,f) = ALZHCN—i-(l—n)CT .



Imposing explicit functional forms for v and h yields consumption and labor in steady state.

Constant firm-specific output: In general, while aggregate variables are constant, firm-

specific output th varies over time in the symmetric steady state:

&_ sic (T St l—n
CT_W<F>+(1 I\ )

Over the lifetime of firm j, demand shifts from the N household to the T" household. If both

households demand different amounts then firm-specific steady-state output varies over time.
To prevent this, I set the relative population mass n of households equal to I' which yields
th = C'r. Furthermore, with n equal to I', the flexible-price symmetric steady state coincides

with the sticky-price symmetric steady state with zero aggregate inflation (SZISS), and this

coincidence simplifies the welfare analysis below.

A.2 Linearized equilibrium conditions

This appendix calculates the equilibrium conditions of the NT model accurate to the first

order and at the SZISS and yields the linearized NT model of Proposition 1.

Pricing equation: Calculated to the first order and denoting a; = Ay, the pricing equation

(9) implies that all adjusting firms set the same optimal price:
pt*_Pt = (1—&5)(1/%—Pt—at)—i—/iﬁEt[PfH —pt+1+7ATt+1} .

Aggregate price level: Calculated to the first order, the aggregate price level P, in equa-
tion (11) equals B = fol ]5jt dj. The price level integrates prices over the unit mass that is
composed of infinitely many entry cohorts. Each cohort has mass § in the entry period but
diminishes over time by firm exit: 1 =827 ,(1 — 0)*.

Consider the average price of the cohort that entered z > 0 periods ago at time t — z, and
normalize the mass of this cohort to unity. At time ¢ and calculated to the first order, this

price is determined by a truncated geometric distribution:

. (1—a)SizlabPr, + 2Py if 2>1,
Ayz) = k=0 O L, i (A1)

f’t* if 2=0.



Now weight the average price f\t(z) by the mass of the ¢ — z cohort at time ¢ and sum over

all cohorts to obtain the aggregate price level:
o
Pr=6) (1-06)"Au(2) . (A.2)
z=0
Simplifying this expression yields the recursive law of motion: P, = (1-— li)pt* + kP

Pricing equation and aggregate price level: Combine the pricing equation and the

recursive law of motion of the aggregate price level to obtain:
#t = [(1 = B)(1 = K) /KWy — Py — ar) + BEFi 11 - (A.3)

Marginal costs and output: Calculated to the first order and by using g, = —ét, the

household optimality conditions (6) and (7) yield:
Wt_PTt:Vf/t+(éTt_gt) ) PNt_PTt: (éTt_gt)_(éNt_gt) .

Use the definition of the aggregate price level P, =T Py + (1 —F)PTt and the one of aggregate
output Y, = I'Cnt + (1— F)C’Tt calculated to the first order, and rearrange the optimality

conditions according to:
Wi— P = vii+(Yi—q)

In order to replace aggregate labor by aggregate output, combine labor market clearing, firms’

technology, and households’ demand functions to the aggregate technology:

1 P\ Y 1 P\ ?
ALy = C’Nt/ vyt <j> dj + C'Tt/ (1 —~%t) <j> dj .
0 Py 0 Pry

Calculate it to the first order and exploit the definition of aggregate output to obtain that
a;+L; = Y. The relative price terms in the aggregate technology are zero to the first order by
the equations (1). Combine aggregate technology and the real wage to obtain real marginal

costs:

Wt—Pt—at = (1+V)§A/}—gt—(1+u)at



New Keynesian Phillips curve: Combine real marginal costs with the equation (A.3)

to obtain the NKPC:
7t = BE1 + [(1 — 66)(1 — k) /6](1 + v)zy . (A.4)

Here, the output gap is z; = Y, — ﬁ"“ and ﬁ"“ = gt + a; is the natural level of output in

1
1+v
the flexible-price economy absent u; shocks. The natural level of output is obtained by going
through analog steps in the NT model with flexible prices. Equation (A.4) corresponds to

the first equation in (12) in the main text.
Aggregate IS relation: Combine household optimality conditions (5) and (7) with the
condition (1 +14¢)~ = BE; Q441 to obtain:

(Cni+1:641) Py
uc(cNhgt) PNt+1

(Crit1,&+1) Pre
UC(CTtaft) PTtJrl.

(1+i)~ = BB, . (i) =Bt

Calculate these conditions to the first order and use the definitions of aggregate output and

aggregate inflation to obtain:

Vi—g = E(Yip — gi1) — (it — Eyfreyn) -

Obtain by analog steps in the flexible-price model that }A/;”a — gt = Ey(Y3Y — ge41) — 710

Subtract the flexible-price equation from the sticky-price equation to obtain:
Iy = Etxt—I—l — (%t — Etﬁ't—i-l — f?a) . <A5)

The natural real rate #7¢ = —F;(1 — L™1)(a; — 71, 9t) is the flexible-price real interest rate

absent u; shocks. Equation (A.5) corresponds to the second equation in (12) in the main text.

A.3 N inflation and T inflation

This appendix derives the mapping between aggregate inflation and /N inflation or 7T inflation

in Proposition 2.

N inflation: Calculated to the first order, Py; in equations (1) is:

Py = Fl/J V5 Py dj .
t



This price level integrates prices over the unit mass that is composed of infinitely many
entry cohorts. Each cohort has mass 0 in the entry period but diminishes over time by
firm exit. Moreover, only the fraction v of the total demand for the products in a new
cohort comes from N households. Accordingly, express the unit mass of prices in Py as
1=T"19y322,[(1 = o))

Along the lines of the derivation for aggregate price level in Appendix A.2, the price level

PNt can thus be rearranged as:
Prny =T7'67 ) [(1 =)y As(2) (A.6)
z=0

A4(2) denotes the average price of the t — z cohort at time ¢ that is defined in equation (A.1).
Simplify the N price level as PNt =(1- mv)pt* + fwPNt,l and rewrite it in terms of inflation
rates as Ay = (1 — k) FF + kY1, with 77 = Py — P ,. Recall the recursive law of motion
P, = (1 — k)P + kP,_1 derived in Appendix A.2 and rewrite it in terms of inflation rates as
7t = (1 — k)T + KkTti—1. Substitute for 7} by the equation 7n¢ = (1 — ky)7} + KyAni—1. This

delivers the mapping between 7n; and 7; in Proposition 2.

T inflation: To map 71 and 7, rearrange the equation for 7y; in Proposition 2 as:

R _l—m’y 1—krL \ .
INEE T, 1— kL it

Substitute it for 7 in the definition 77; = I'ryy+ (1 —I') 7y and simplify the result to obtain:

1 — Ky 1—-kL
1-D)apg =7 — T Tt .
( VAT =T (1—/@ > (1—/—@71/) it

Multiply through by (1 — kyL) and simplify the coefficients to obtain the mapping between

w1 and 7y in Proposition 2.

B Product replacement bias

This appendix derives the PRB in Proposition 3 in three steps. First, calculate the measured
price levels at the SZISS accurate to the first order. Second, compute measured inflation and
expresses it as a lag polynomial of aggregate inflation. Third, expresse PRB in measured

inflation as a function of aggregate inflation. Finally, this appendix also derives the PRB in



the measured price level in Proposition 5.

B.1 Measured price levels

Calculated to the first order, the measured price levels in equations (10) are equal to:

]5{3_1/@ = pjt /. Ptnll,t—l/Q :/ pjt—l dj .
Ni—1 Ni-1

Let weights @); be the same for all products and equal to @ since products are consumed
in equal amounts in the SZISS. The scalar () normalizes the mass of products in the basket

N;_1 to unity and is determined below.

Measured price levels as infinite sums: Consider the measured price level ]5[7?_1 first.
At time ¢t — 1, the SB samples (1 — «) of the 6 new products. Account for the discontinued
products to obtain that a mass §(1 — J)(1 — ) of the products that were new at time ¢ — 1 is
contained in the A;_; basket. Similarly, a mass §(1 — §)2(1 — )(1 + 7) of the products that
were new at time ¢ — 2 is contained in the N;_; basket. That is, (1 —~) products are sampled
at time t — 2, (1 — ) of the v remaining products are sampled in ¢ — 1, and all subsamples
are subject to equal mortality risk. More generally, a mass 6(1 — §)*(1 — v*) of the products
that belongs to the t — 2z cohort is contained in N;_1.

Along the lines of the derivation for aggregate price level in Appendix A.2, the measured

price level Ist’?;f_l can thus be rearranged as:
P_1/Q =) 6(1—=6)*(1—7")Au(2) . (B.1)
z=1

At(z) denotes the average price of the t — z cohort at time t defined in equation (A.1).
Now consider the measured price level Pﬁlifl. This price level refers to the same basket
as Pt”’;_l. However, the average price of a particular entry cohort differs from Pt’fg_l because

the price distribution of any cohort is less fanned out at time ¢t — 1 than at time ¢. Obtain:
o
Pa/Q@= 8(1 =0 (1 =) Aa(z - 1) (B.2)
z=1

Normalize the mass of products in measured price levels as Q7! = 322, (1 — §)*(1 —~%) or

QT =(1-71-09)/0-1=03)7).



Measured price levels in terms of N and T price levels: Rearrange the measured

price level in equation (B.1) according to:
Pl 1/62—62 (1—0)*Ay(z —52 [(1 = 8)7)7Ae(2) .

Substitute for the infinite sums by P, in equation (A.2) and Py in equation (A.6), respec-

tively. Employ the definition of the aggregate price level and simplify coefficients to obtain:

Rearrange the measured price level in equation (B.2) according to:

Py, 1/Q=06(1-68)) (1-08)"Ai(2) =6v(1=0) Y [(1 =07 Aia(2) -
z=0

z=0

Simplify it along similar lines as for ]5{’;71 to obtain:
ptrﬁl,tfl = PTtﬂ .

B.2 Measured inflation and aggregate inflation

Calculate the definition of measured inflation to the first order as 71;"* = Pg}_l - Pt’fu_l and

substitute for measured price levels expressed in terms of the N and T price level to obtain:

1 5 -
7Tt = 1 _ 57TTt — 71 _ 5(PNt Pthl) . (B3)

In the next couple of steps, replace the relative price Pye — Pri_q by the inflation rates ¢
and 7;. Start by employing the definition of the aggregate price level rearranged according

to Pthl = ﬁpt_]_ — %P]\“fl and obtain:

. . 1 . .
Pyt — Prio1 = ——=(Pnt — Po—1) — TNt - (B.4)

1-T 1-T

Rewrite the relative price pNt — Pt_l on the right-hand side in terms of inflation rates by

subtracting ]5,5_1 from the recursive law of motion of PNt:

Pyt — Py = (1 — 6y)(Pf — Piey) + 57y(Pyi—1 — Pio1)



The recursive law of motion of P, implies P} — P,_; = (1 — &)~ '#,. Employ this to obtain:

A ~ 1— kv A A
Pyy — Py = T :Wt + ky(Pnt—1 — Pi—1) .

Rewrite the relative price Py;_1 — Jf’t,l on the right-hand side in terms of inflation rates by

subtracting the recursive law of motion of P; from the recursive law of motion of Py

kK(1—7) m

Py — P, = . B.5
Nt K 1—x 1—kryL (B.5)
Substitute this expression lagged once for PNt,l — pt,l into PNt — ]515,1 to obtain:
. . 1— kY. K(1—7) @1
Pyi — Py = .
Nt = Fi1 =7 T+ KY T —5
Substitute this expression for Py — Po_y into Pyt — Pry_q to obtain:
~ - 1 1— Ky, k(1—7) @1 r
Py — Pri_1 = —— _ )
Ne T AT 1—r<1—,g7“*er 1-w 1-myL) 1-TM
Substitute this expression for PNt — ]3Tt,1 into measured inflation to obtain:
1 0 1 1—ry 1 K(1—7) @1 r
S . B
T 1—5(1—I‘ I r T 1k 1oL 1-T™M)"
Employ the definition of aggregate inflation 7, = ﬁfrt — %frm to substitute for T

1-ky 1-kL A

T—r Tor Lt derived in Appendix A.3 to substitute for

inflation. Employ the equation 7y =

N inflation. This yields that measured inflation is a lag polynomial of aggregate inflation:

om (1= a\ [1—=(1—=0)ryLY .
=1k 1 —kyL it

Rearranging this lag polynomial of aggregate inflation yields #]* = a(L)7;. The lag polynomial

a(L) is the one defined in Proposition 3.

B.3 Product replacement bias in measured inflation

Calculate the definition of the bias B; = 7} /m; to the first order and substitute for measured
inflation by using 7" = a(L)7 to obtain the product replacement bias B as the lag polyno-

mial of aggregate inflation in Proposition 3.

10



The properties of a(L) are derived as follows. The polynomial a(L) is invertible if all
coefficients are positive and if their sum is finite, a(1) < co. The definition of a(L) readily
implies that all coefficients are positive. To show a(1) < oo, replace L by unity in a(L) and

simplify. Obtain:

“”=<Lihiﬁﬂ(ﬁiﬁé:g?><m-

To show that a(1) = 1 for « = 0, § = 0 or both, plug these parameter values into a(1)

and simplify. To show that the sum of the coefficients fulfills the inequality a(1) < 1 for the
admissible parameter values, impose this inequality on a(1) and simplify. For the inequality
to be fulfilled the condition v < ﬁ must hold, and this condition holds for all admissible

parameter values.

B.4 Product replacement bias in the measured price level

This appendix derives the PRB in the measured price level in Proposition 5. Employ the
definition of the aggregate price level B = (1-— F)th + I'Py; and subtract from it the

measured price level Pt’?;ffl = %—(SPTt — 1%6151\” derived in Appendix B.1 to obtain:

A . 1 . .
Pt—Ptr;fL_lz <1—]._‘—15> (PTt_PNt)

The definition of P, further implies Pry — Py = ﬁ(ﬁ’t — pNt)~ Combine this with equation
(B.5) and simplify the coefficients to obtain:

0 K ﬁ't

B b, — |
K b1 61—k 1— kL

Rearrange the lag polynomial to obtain the lag polynomial b(L) in Proposition 5. The lag
polynomial b(L) is invertible because all of its coefficients on aggregate inflation are positive
and the sum of the coefficients is finite, b(1) < oco.

C Partition of aggregate and measured inflation

This appendix derives the partition of aggregate inflation and measured inflation in terms

of terminated price spells with different durations. Combine equation (B.3), equation (B.4),

11



and the relationship 7wy = 1F7rt EF TNt to:

1 1 T ) 1 N .
T — 1_F7TNt*i6ﬁ(PNt*Pt71) . (Cl)

~ M

L

Replace each component of measured inflation by a sum over terminated price spells with
different durations. The first component is aggregate inflation, and the recursive law of motion

of P, implies #t; = (1 — k)[P} — P,_1] or
o0
= (1-rR)F —(1-r)Y P 4]
s=0

Rearrange this to obtain the partition (17) of aggregate inflation in the main text. The second
component in equation (C.1) is N inflation. Proceed along the same lines as for aggregate
inflation to obtain #x¢ = (1 — k7)? Yoo g(k)° (Pr—Pr ).

The third component in equation (C.1) is the price differential Pny — P,_1. Rearrange it

by using the recursive law of motion of Py = (1-— /-vy)pt* + /vypNt_lz
pNt_pt—l = (P;_pt—l)_f‘f’Y(P;_pNt—l) .

Replace the PNt_l on the right-hand side by the infinite discounted sum of current and past
optimal prices that follows from iterating backward the recursive law of motion for Py, and

do the same for the P,_; that occurs on the right-hand side. This yields:

oo
]3Nt—]5t_1:( 1—/@2& tll—:‘i( 1—&72 tlz
=0

Z 1= w)r' — wy(1 = ry)(57)'] (B = PLyy) -
=0

In order to express measured inflation in terms of terminated price spells with different
durations, substitute for the three components 7; and 7y; and PNt — Pt_l the respective
expressions of terminated price spells with different durations into equation (C.1). Summa-
rizing coefficients and simplifying them yields the partition (17) of measured inflation in the
main text. In terms of the primitive parameters, the function F,,(4) is equal to:

. _ oy —k)2KE — k)R —(1—ky) (k) T+t oy i
Fnli) = (1= a7t (1 {2 ) (055 - A0ty - (00 4 - |

12



It is straightforward to show that > 7, Fy, (i) = 1.

D Product replacement bias when new products are small

This appendix contains the derivation of the steady state bias in measured inflation in Propo-
sition 6 that arises when new products are small in terms of their market share. Furthermore,
this appendix contains the derivations that belong to Proposition 7 and to Proposition 8§,

respectively.

D.1 Steady state bias when new products are small

Measured price levels correspond to:

P 1/q Z/ 9% Pydj , P, 1/q :/ 9" Py dj .
t—1

- t—1

In order to integrate over firms’ prices, I combine the approach in Weber (2011a) with the
derivations in Appendix B.1. Recall that the firms in the FIP model differ regarding the
length of their price spell and regarding the level of their productivity. The productivity
level depends on the age of a firm. I introduce notation for firms’ prices that reflects this

two-dimensional heterogeneity. Denote the current price Pj; of the firm j as:
Py = t*_(n+k)7t_k , n=0,1,2,..., k=0,1,2,... .

Price Pj; equals either the optimal price of the current period or the optimal price of some
previous period. The first subscript ¢ — (n+ k) indicates the date of market entry. The second
subscript ¢ — k indicates the date of the last price change. Index n denotes the time between

entry and price change.

Computing P} ;: Consider the average price of the cohort that entered s > 0 periods
ago at time t — s, and normalize the mass of this cohort to unity. At time ¢, this average price
is:

(1—a)YilakPr ,  +a'Pr,, , if s>1,
Ag(s) = k=0 @ st —k t—s,t D.1)

Py, if s=0.

)

13



The first subscript is the same for all prices because all firms belong to the ¢ — s entry cohort.
The second subscript differ across prices because, within that cohort, price durations differ.

Appendix B.1 derives the mass of each ¢ — s entry cohort that is contained in the basket
N;_1 of the SB. These derivations apply here, too. Therefore, rewrite the measured price
level P/;_; as sum over the cohort-specific average prices Aq4(s) weighted by the appropriate

cohort mass:
Pl i/g =) 6(1—68)"(1—~%)g" Aw(s) . (D.2)
s=1
Expand this expression according to:
Pl i/a=06) [(1-08)g"IAu(s) = 6D _[(1—8)vg") Auls) ,
s=0 s=0

where summations now start at zero. Rewrite the measured price level as follows:
Pl =qZ1Pit — qZy Pyt . (D.3)
Here, Z, denotes a scalar that normalizes the mass of products in P,; to unity. Define:
1 [ee]
Py = 75 Z[(l — )79 P Au(s) - (D.4)

7 s=0

Moreover, Py; is the special case of Py for v =1, and Z; is the special case of Z, for v = 1.

Computing P,;: First, determine Z, such that it normalizes the mass of products in P,
to unity. Obtain Z, = 6 > 50 ,[(1 — 8)v¢%]* or Z, = §/[1 — (1 — §)v¢’], with (1 — §)v¢’ < 1.

Plug Z, into equation (D.4) and summarize parameters as ¢, = (1 — 8)7g? to obtain:
(o.9]
Pyl = 5] 7" =) 05Au(s) .
s=0

Substitute for Aj4(s) by equation (D.1) and simplify the result by using the mapping between
optimal prices of firms with different age that follows from the optimal pricing equation of

* _ n *
firms, Pt—k,t—k = g" P,

t_(n+k)’t_k.1 For example, with k& = 0, this mapping says that the

optimal price of a new firm P} is proportional to the optimal price P}, ;, of a firm with age

The optimal pricing equation of firms is stated explicitly in the equation (G.2). See also the Appendix
G.2. Further details are contained in Weber (2011a).

14



n. The factor of proportionality g" exceeds unity and depends on the age difference n across

firms. Use this mapping to obtain, after some algebra:

1 - o
Pyl - w'y]_l = <%‘1> ;(awv)spt*—&t—s

Express this equation recursively as:

1—oy/g

Pre =(1 = 91) ( 1—4y/g

) Pl +apy Py

Summarizing P;";_;: The parameter ¢ in equation (D.3) normalizes the mass of products in

the measured price level P/} _; to unity. Obtain 1/q = 6 > 22 [(1 —8)g%1* =322, [(1-8)vg%]®

(A=91)(1=%y)
1 _¢'y

(D.3). Define relative price levels as deviations from the aggregate price level according to

or gé = . Collect the variables that belong to the measured price level in equation

piy—1 = Pli_1/P and py = Py /P, and define the optimal relative price of a new firm

according to p; = P/ P;. Obtain:

e () (G23)
Ptt—1 T Pt T Dyt

1—
= (=) (22200 ) g v e (05
Y
1—aihi/g

pit = (1 —11) ( >P? + O‘wlﬂ;lplt—l .

1—11/g

Computing P;";, ;: The price level P}, ;,_; refers to the same basket as ]5[,’%71 in equation
(D.2) while the average price of a particular entry cohort differs from ]5&’;_1 because the price

distribution of any cohort is less fanned out at time ¢ — 1 than at time ¢. Obtain:
o
Pryifa=>0(1=6)*(1—~")g" Ay a(s— 1) .
s=1

Simplify the right-hand side along the same lines as for Pt’?}_l, and define the relative measured

price level as pi”, ; = Py, ;/P;—1. Obtain:

1-— 1—
Pitig-1 = (M) Y1p1e—1 — (d) YyPyt—1 - (D.6)

15



Computing the steady state bias: The bias is defined as measured inflation over aggre-
gate inflation, By = m;"" /m. Measured inflation is defined as 7" = P/} /P, ;. Rearrange
it according to m" = mpy_1/pi*1 1 and obtain for the bias that B = p{';_,/pj", 1. De-
note the relative measured price levels in steady state with an overbar to obtain the steady

state bias:

B =p{ /D141 -

Equations (D.5) and (D.6) deliver the steady state values of the relative measured price levels:

L =) =) . (—d)—v)
Pomr =9 00 gy 0= fg)” 7 Pt T = Jg (= dn/g)”

Plugging them into the steady state bias B and simplifying it yields the Proposition 6.

D.2 Measured inflation and aggregate inflation

This appendix derives the lag polynomial in Proposition 7 that maps aggregate inflation into
measured inflation. Calculate the relative price levels in equations (D.5) and (D.6) to the first

order to obtain:
(V1 = ¥y)PY i1 = 9(1 — ¥y /9)P1t — g(1 — P1/g) Dyt

(V1 = V)Pt 1 4—1 = V11 — ¥y /g)Pre—1 — Yoy (1 — P1/g)Dye—1

Pyt = (1- awv/g)ﬁ; + (a¢7/9)(ﬁ7t—1 — 7t)

(D.7)

p1e = (1 —ap1/g)p; + (arp1/g)(Pre—1 — 7t)

The price level pi;: can be simplified by the recursive law of motion of aggregate inflation,
which implies (1 — atp1/9)p; = (awp1/g)7; when calculated to the first order.? Substitute
this expression into pi; to find that p;; = (atp1/g)pii—1. This difference equation has the
nonexplosive solution py; = 0 for all t’s.

Calculate measured inflation to the first order, 73" = pyy_y —pi”; ;1 + 7, and substitute

for measured price levels to obtain:

(1 =) (7" = 7)) = —g(1—91/g)pye +hy(1 = P1/g)Dye-1 -

Express py; in terms of aggregate inflation by using (1 —oat)1/g)p; = (atp1/g)7; and rearrange

2See equation (G.3) for the recursive law of motion of aggregate inflation in the FIP model.
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it to obtain:

¢7<

D = « —(a L. .
Pyt = /g aw/ (avy/9)L) (D.8)

Plug this into measured inflation and rewrite it according to:

1—1/11/9

(1 = (ot /) L) (R]" = 7e) T o /g

(7te — ey /97e1) -

Solve for measured inflation:

- o (lelyony
! 1—at)i/g 1— (atpy/g)L t

Rearrange the expression in the large brackets according to:

(1= (ahy/9) (1 /9) L) D (apy/g) L)' =1+ (1 —4b1/9) D> _(otby/g) L
=0 =1

Finally, substitute the definitions of 11 and 1), to obtain the mapping between measured
inflation and aggregate inflation in Proposition 7.

The properties of a,(L) in Proposition 7 are derived as follows. The polynomial a,(L) is
invertible if all coefficients are positive and if their sum is finite, a,(1) < co. The definition
of a,(L) readily implies that all coefficients are positive. To show a,(1) < oo, replace L by

unity in a,(L) and simplify. Obtain:

%mz(f;;>C‘fj2W“><m

To show that the sum of coefficients fulfills the inequality a,(1) < 1, impose this inequality on

a,(1) and simplify. For the inequality to be fulfilled the condition (1 —§)vg?~! < 1 must hold.

_1
6.

Plug into that condition the maximum value of growth g = (1— 5)7% to obtain v < (1—49)
This last condition holds for all admissible parameter values.
D.3 Bias in the measured price level

Calculated to the first order, measured output is equal to th =Y, — Py by using the def-
inition py'; | = P/}_;/P. By using equations (D.7) and exploiting that p1; = 0 as derived in

Appendix D.2, the measured price level and the auxiliary price level p,; are related according
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to (Y1 — ¥y)pyi—1 = —9(1 — ¥1/g)Pyt. Substitute for p,+ by equation (D.8) to obtain:

1—11/g

— 717/'\1} .
ot (af9)L)

~m _
—Pii-1 =

: : smo . pm 5 i

Rearrange this expression and use pi';_; = P/}_; — P to obtain:

L a(l —(1=108)p) = .
P — m — (- .
t — Py 1—kp ?:0:(”’7,0) T

This equation corresponds to the equation in Proposition 8.
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E Welfare-based loss function

Weber (2011b) examines in Section 5 the ad hoc loss function with inflation and the output
gap as arguments, in order to examine the consequences of product replacement bias for
monetary policy. This appendix and the Appendix F revisit the monetary policy consequences
of product replacement bias for the case of the welfare-based loss function. The main finding
is that the results obtained in the paper are fairly insensitive with respect to using the ad
hoc loss function versus the welfare-based loss function.

This appendix contains the derivation of the welfare-based loss function, which approxi-
mates the expected discounted lifetime utility of the N and the T household in the NT" model
that is described in Section 2 of the paper. The Appendix F revisits the policy analysis in
Section 5 of the paper but employs the welfare-based loss function.

This appendix calculates, accurate to the second order and at the symmetric steady state
with zero aggregate inflation (SZISS), the joint expected discounted lifetime utility of the NV

and the T" household that corresponds to equation (3) in the paper:

Eo) B [Lu(Cni &) + (1= D)u(Cre, &) — h(Ly)] -
t=0

In a first step, calculate the labor argument of utility to the second order. In a second step,
calculate the two consumption arguments to the second order. A variable with a hat is

generically defined as 2; = log(z:/2).

E.1 Labor

Calculating the labor argument to the second order yields:
h(Ly) = Yuc (I:t +3(1+ V)ﬁf) + tip + o3 .

Here, tip denotes terms independent of policy, o3 indicates terms of order three or higher,
and v = LZ% Impose 1 — 77, = 6/(6 — 1) and exploit the households’ optimality conditions
that imply Auc = hr or, by aggregate technology, Yuc = Lhy. Variables without a time
subscript denote steady state values.

In order to substitute aggregate labor for N and 1" consumption, consider the aggregate

19



technology that is derived in Appendix A.2:
Lt = FCNtANt/At + (1 - F)CTtATt/At .
Employ the following definition of N price dispersion:

1 /1 /Py —0
Any = = sit (| L= dj . E.1
Nt F/o 7y (PNt> lj (E.1)

Moreover, employ the analog definition for Ap;. Calculating aggregate technology to the

second order yields:

L =TCni+ (1 -T)Crt —ag + 3TC%, + 31 = 1)C3, — Y2+ TANy + (1 = T)Aqy + tip + 03 .
Squaring this equation yields:

ﬁ? = Yf —2}>§5at+tip+03 .

Here, use the definition of aggregate output Yt = FC’Nt + (1 - F)C’Tt + 0o that is accurate
to the first order. Employ the equation for L; and the one for 13% to substitute for aggregate
labor in h(L;). This yields the disutility of labor expressed in terms of N and 7' consumption,

output, and price dispersion:

h(L:) = Yue <FC’Nt +(1- F)C’Tt —a; + %FC’?W + %(1 — F)C’%t + %VYE - (14 V)Ytat

+TAN + (1 - F)ATt> +tip+ o3 .

E.2 Consumption

Calculating the N consumption argument of joint utility to the second order yields:

uw(Cni, &) = Cnuc (C’Nt +11-0o"hHC%, + olétht) + tip + 03 .
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Define o~ ! = —% and gy = —Cguiét.?’ Along the same lines, obtain for the T con-
(e Nucc

sumption argument:
u(CTt, §t) = Cruc <éTt + %(1 — O'il)é%t + UléTtgt) + tip + o3 .
Combining both arguments yields:

Lu(Cnt, &) + (1 = D)u(Cry, &)

= Yuc (réNt +(1-D)Cre+ 31— )T C3 + (1 -T)CF) + a_lfftgt) + tip + o3 .

E.3 Combining labor and consumption

Combine the labor argument and the two consumption arguments to the utility function and

simplify to obtain:

Tu(Cnt, &) + (1 = D)u(Cr, &) — h(Le)
:Yuc< — 107 C, + (1 -1)CE] - Y2 + Vifotge + (1 +v)ar) —TAn: — (1 - r)ATt>

+ tip + o3 .

In this equation, link [FC’?W +(1- F)C’%t] and Y2 by squaring Y; = TCny 4 (1 — T)Crpy + 0o

and rearranging it according to:
[FCR + (1 =T)CF] = Y72 +T(1 = T)(Cne — Crt)* + 03 -
Use this link and simplify the utility function to obtain:

F'u(Cne, &) + (1 = T)u(Cry, &) — h(Ly)

_ mc( — e +v)af - Lo IP(1 = T)(COne — Cre)? —TAN: — (1 — r)ATt) + tip + 03 .

14+v

Define the natural level of output as ?;"a = Ufl_jry gt + = a¢, and denote the output gap

as ry = }A/} — }A’t”a. Employ the households’ optimality conditions and the definition of the

3For log utility of consumption, o = 1.
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aggregate price level to obtain the second order accurate relationship:

U_l(éNt - éTt)2 = 5 (if’Nt - Pt)2 +o03 .

o
(1-T)
Plug it into the approximate utility function to obtain:

Pu(Cni, &) + (1 = T)u(Cry, &) — h(Ly) (E.2)

_ r . - A A .
= Yu(;( — %(O’ LuE I/):L‘? — %O’ﬁ(PNt — Pt)2 —TAN:—(1— I‘)ATt> + tip + o3 .

E.4 N price dispersion

In order to obtain a recursive expression for the N price dispersion Ay, define pyj; = Pji/ Py

and calculate the definition (E.1) to the second order:
A 1A2 1 ! Sit A N 121 ! S'tAQ N
ANt+§ANt:_9f Onypthd]—i—iﬁf Onypthdj—i—o?,.

Define weighted first and second moments according to:

X 1t , R I ,
E;(pnjt) = F/o Yt pnje dj , Vi(Pnje) = F/o VI PReje df -

The relative mass of current and past optimal prices in the IV price level and the fact that
optimal prices are the same for all adjusting firms imply that first and second moments can

be expressed as:

o0

Ej(pnje) = (1= w7) D (-0 Pz s Vilbnge) = (1= r7) D (7)) (Phe—2)? - (E3)
z=0 z=0

Here, the relative optimal price is denoted as py,_ . = Pt* Py Plug the first and the

—z -
second moment into the second order expansion of the N price dispersion and exploit that
A%, = 0+ 03 to obtain:
Ayt = —0E;(pnje) + 56°V;(Bje) + 03 -
By the equations (E.3), obtain E;(pnjt) = 2(0—1)V;(Hn;i)+os and thus Ay = 20V (Pnje) +

o3. Rearranging V;(pnj¢) further and exploiting the recursive law of motion for Py yields
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the following recursive expression for N price dispersion:
A A KY <9
ANt = kKyANi_1 + 20——7 03 .
Nt YANt 1+21_IW Nt +03

E.5 T price dispersion

In order to derive a similar expression for 1" price dispersion, consider the definition of it,

A7y = ﬁ fol(l — vsﬂ)pT ', dj, with prj; = Pj/Pry, and calculate it to the second order:
A L2 ! 1t 1 Lo
(A-D)(Are+5 A7) = —9/ Prjt dj+9FF/ V59 prje dj+56° / Py di—36°T 5 / V¥ Py djtos .
0 0 0

The relative mass of current and past optimal prices in the N price level and in the aggregate

price level and the fact that optimal prices are the same for all adjusting firms imply:

. 1. ) . oo
(1 - F)(ATt + iA%t) = 0(1 o ’i) Z K p?t P 9F 1 — Ky Z p;“t—z
z=0

o0
1_/% ZK' th z 192 Z th z +03 .

z=0

Define pjy = Pj;/P;. Moreover, define E;(pj;) and Vj(p;) analog to E;(pnj¢) and Vi(Pnje),

respectively, and rewrite the approximate expression for T' price dispersion as:

(1-T)(Ar + iA%t) = —0E;(pjt) + OTE;j(pnjt) — 0[P — TPy — (1 —T') Pry]

+ 202V (hje) — 30TV, (wje) + 502(Pr — Pre)? — L0°T(Pyy — Pry)? + 03 .
Employ the definition of the aggregate price level P, = I'Py; + (1— F)PTt + 09 to obtain:

A 1. R X R R R
(1 =D)(Are + §A2Tt) = —0E;(pjt) + OTEj(Pnjt) — 0[P — TPyt — (1 = T') Pry]

+ 30°Vi(hje) — 36°TVi(Bje) — %92ﬁ(15m — b))’ +os.

To rearrange the term in square brackets, calculate the definition of the aggregate price level
P} =T Py % +(1-T)Ps %, which is equation (11) in Weber (2011b), accurate to the second

order:

A A A T A A
P, —TPy;—(1-D)Pr =11 G)ﬁ(PNt —P)%+o03.
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Plug it into the approximate expression of T' price dispersion to obtain:

. 1. X X
(1-T)(Ars + §A2Tt) = —0E;(pjt) + 0T E;(Pnjt)

. . r . 5
+30°V;(pje) — 50TV (Pwvje) — %Qﬁ(PNt —P)’+o3.

This equation implies ATt = 0+ 03. Moreover, employ E;(pn;i) = 5(60 —1)Vj(pnjt) + 03 from
before and, correspondingly, E;(pj:) = %(0 — 1)V} (pji) + 03, to obtain:

~ . . F . R
(1= T)Ary = 36Vi(ye) — 36TV (hje) — 307 (Pre = Pi)* + 03 .

Use Ay = %9‘/}(]5]\/]',5) + o3 to find:

T R
(1= T)Agy + TAn; = 30V (hj1) — 307 (Pve = P)* + 03 .

Similar to Vj(pnjt), the cross-sectional variance V;(pj;) evolves recursively according to:

. . Ko
Vi(Bjt) = &Vi(Dje—1) + KW? + 03 .

1—

Plug this into (1 — F)ATt +TA Nt Then, compute the infinite sum that is discounted with

B, and impose the initial condition Vj(p;—1) = o3 to obtain:

Zﬂt ( D)Ar + TAn: + 197(PN75 Pt)2> = %9(1 — n)’(il B Z/Btﬁg—i-o?) :
=0

E.6 Summarizing terms

Define the welfare-based loss function Ly g as:

Lwp = —Ey Z/Bt <FU(CNta§t) + (1 —=T)u(Cr¢, &) — h(Lt)> :

t=0

Combine equation (E.2) and equation (E.4) and rearrange them to obtain:

Lwp=3$QE ) ' (7%2 + Az} — Ar(Pry — pt)2> +tip+os .
t=0
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Parameters are defined as:

A=A 0—oc 7 ¢:(1—H)(1—Hﬂ)

cl+v1—9" K

0= (0'_1+V)ZY’LLC , A= ¢ (o7 4v).

5 9
In order to express the price differential PNt — Pt in the welfare-based loss function in terms

of inflation rates, rewrite it using the recursive laws of motion of the N price level and the

aggregate price level according to:

. . . . . . k. Ky
Pyt — By = (Pf — P) — (PF — Py) = -
Nt — Py = (P} — Pt) — (P — Pny) TS p—

TNt -

Plug this expression for the price differential into the welfare-based loss function to obtain:

oo
Lwp = %QEO Zﬂt (7%1‘/2 + Az} — Ar[TE5 7 — 11—1177%Nt]2> +tip+ o3 .
t=0

The welfare-based loss function attributes a positive weight to variations in inflation and in
the output gap. Both arguments occur in the ad hoc loss function that underlies the policy
analysis in Section 5 of Weber (2011b). However, in addition to inflation stabilization and
output gap stabilization, the welfare-based loss function also attributes the weight Ar to the

squared quasi-differential of aggregate inflation and NV inflation.

E.7 Welfare-based loss function versus ad hoc loss function

The ad hoc loss function corresponds to the special case Ag = 0 of the welfare-based loss
function Ar # 0. The weight Ap is positive as long as 8 > o. Accordingly, the squared
quasi-differential between inflation rates enters the welfare-based loss function negatively.
There are three reasons for the inflation differential to occur in the welfare-based loss
function. First, the variations in the inflation differential reflect the variations in the relative
price Pyt — Pryt If the relative price between N and T consumption differs from zero,
then the IV household and the T household find it optimal to consume different amounts of
their respective consumption composites Cn¢ and Cpy. From a welfare perspective, however,
this is inefficient. Accordingly, the central bank reduces the welfare loss by stabilizing the
relative price between NV and 1" consumption, and this corresponds to stabilizing the inflation

differential. This stabilization motive is captured by the parameter o in the weight Ag. If o

4Recall that the inﬂatior} differAentialA is linkegl to the priceAdif'ferential I:’NAt — ﬁ't - This price differential can
be rearrange according to Pnt — P = Pnt — I'Pne — (1 — T')Pre = (1 — T')(Pne — Pr).
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is large enough, this motive dominates the weight A and implies Ap < 0. In this case, the
squared inflation differential enters the loss function positively.

Second, price dispersion that arises from differences in the two prices Py and Pry matters
neither for the N household nor for the 7" household because none of them consumes both
composites Cne and Cpy. However, by stabilizing aggregate inflation 7;, the central bank
implicitly penalizes variation in the relative price Pni — Ppy because the aggregate price level
is a combination of the household-specific price levels. The weight Agr corrects for this over-
emphasis on stabilizing aggregate inflation, and therefore the inflation differential enters the
loss function negatively as long as 6 > o.

The third reason for the inflation differential to occur in the welfare-based loss function
is also related to price dispersion. Dispersion among prices of all products j € J; affects both
inflation rates 7y and 7y at the same time because each inflation rate comprises all prices
even though each inflation rate weights these prices differently. At least to some degree, thus,
stabilizing one inflation rate also stabilizes the other inflation rate, and the weight Ar also
corrects for this “double-counting” effect. To sum up, by imposing Ag = 0, the ad hoc loss
function abstracts from benefits and losses that arise because the N and the T household

differ from each other.

F Monetary policy using the welfare-based loss function

This appendix revisits how the results in Section 5 of Weber (2011b) change when the NT
policy corresponds to the optimal policy that is derived from the welfare-based loss function
Ly p rather than from the ad hoc loss function.

F.1 Optimal commitment

The lagrangian to the policy problem with the objective function Ly p corresponds to:

L = Boy A5 + i = Ap(e57 — 155 7n0)%)
t=0
=1 — Birep1 — P — wy) (F.1)

A~ A~ 1— A 1— A
— Yot (TNt — KYTINE—1 — ot Tt + f’?ﬁﬁt—l)] .

The first constraint is the NKPC. The second constraint is the mapping between aggregate

inflation and N inflation that is established in the Proposition 2 of Weber (2011b). For the
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case 7 = 1, there is no tradeoff between stabilizing aggregate inflation and stabilizing the
inflation differential because, in this case, the N household is the representative household,
such that 7; = ¢ Accordingly, in this case, the second constraint will not be binding. For
the general case 0 < v < 1, however, the second constraint will be binding because aggregate
inflation and N inflation no longer coincide.

Deriving the optimality conditions with respect to @y, Tn¢, £y and rearranging them yields

the optimal NT policy under commitment:
By(1 — kyBL7Y) [frt + @ —2n)] = (- <ﬁfrt - %frm) . (F2)

The optimal NT policy depends on aggregate inflation and on the aggregate output gap but
it also depends on the inflation differential. Evidently, the optimal NT policy that is derived
from the ad hoc loss function in Section 5 of Weber (2011b), 7Art—|—%(mt—xt,1) = 0, is embedded
into the left-hand side of the optimal NT policy that is derived from the welfare-based loss
function.

To test how restrictive it is to impose Ag = 0 in Weber (2011b), compare the optimal
NT policy (F.2) to the T policy 7y + %(th — xp—1) = 0 that is derived in Section 5.1 of
this paper. The first difference between these two policies is that the T policy does not refer
to aggregate variables. Weber (2011b) analyzes the consequences of this first difference in
Section 5.1. The second difference is that the T" policy ignores the consequences of household
heterogeneity in the welfare-based loss function by imposing Arp = 0. Here, it is tested how
robust the results in the paper are with respect to this second difference.

Analog to the paper, compute the relative welfare loss LY B = (L5 — Lwg)/Lwp for
different rates § of product turnover. Ly g is the loss associated with the T policy in the
NT model, and Ly p is the loss associated with the the optimal NT policy (F.2) in the NT
model. Zero product turnover continues to serve as useful reference point because the relative
loss is equal to zero in this case. There are two reasons for this. First, as in the paper, there is
no difference between measured and aggregate variables without product turnover. Second,
the weight Ag is proportional to § and therefore it is equal to zero without product turnover.
For both reasons, the T' policy and the optimal NT' policy (F.2) coincide without product
turnover and losses Ly, 5 and Lyyp are the same.

Table 1 contains the relative loss ,CI}/{VB computed from the welfare-based loss function and

the relative loss Lr computed from the ad hoc loss function at the benchmark calibration of §
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equal to 0.069395. The variable Lp is the welfare metric in the paper. The table shows relative
losses for both the Case I and the Case II. Each case corresponds to a specific assumption
of how the central bank translates T variables into measured variables.’> For optimal policy
under commitment, the numerical differences between the relative losses in the table are fairly
small. This finding suggests that both the welfare-based loss function and the ad hoc loss

function yield very similar results.

Table 1: Relative losses for welfare-based and ad hoc loss function.

Case | Commitment Discretion Interest rule
100xLWE |1 0.09 -18.92 -49.71
100x LB | 11 0.24 -4.65 -32.80
100xLg I 0.07 -19.12 -49.79
100xLpg II 0.28 -4.68 -32.87

To make sure that this similarity of results does not only arise at the benchmark calibra-
tion, Panel (a) of Figure 1 plots the relative loss ,C}%VB computed from the welfare-based loss
function for the range ¢ € [0,0.15]. The panel should be compared to the Panel (a) of the
Figure 2 in Weber (2011b), which plots Lr. The comparison reveals that the relative losses
E%VB and Lp remain fairly similar for the entire range of values considered for 4. It therefore
seems reasonable to conclude that the results in Section 5.1 of Weber (2011b) are robust
as to whether they are derived from the ad hoc loss function or from the welfare-based loss

function.

F.2 Optimal discretion

To obtain the optimal NT policy under discretionary monetary policy, derive the optimality
conditions with respect to 7y, 7y and z; from the lagrangian (F.1) accounting for the fact
that the discretionary central bank cannot influence private sector expectations. Rearranging

the optimality conditions yields:

Bi(1 - k9807 [f+ 3m] = (1= 9)5n (25— 2w ) - (F.3)

As for the optimal policy under commitment, the optimal NT policy under discretion depends
on aggregate inflation, the aggregate output gap, and the inflation differential. Again, the
optimal NT policy that is derived from the ad hoc loss function in Section 5.2 of Weber
(2011b), 7 + Sa; = 0, is embedded into the optimal NT policy (F.3).

®See Section 5 in Weber (2011b) for more details.
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Figure 1: Relative loss L © computed from the welfare-based loss function as a function of product replace-
ment bias that is captured by 8. Panel (a) shows the relative loss for optimal policy under commitment, Panel
(b) shows it for optimal policy under discretion, and Panel (c) shows it for the interest rate rule.

For discretionary monetary policy, Table 1 contains the relative loss E}/{VB computed from
the welfare-based loss function and the relative loss £r computed from the ad hoc loss
function at the benchmark calibration of §. The table shows that relative losses are negative
for discretionary policy, as in Section 5.2 of the paper. Numerically, relative losses are fairly
similar irrespectively of whether they are computed from the welfare-based loss function or
from the ad hoc loss function. For Case I, the loss Ly, 5 is about nineteen percent smaller
than the loss Lyy g for both loss function. For Case II, the corresponding figure is about 4.7
percent. Moreover, Panel (b) of Figure 1 plots the relative loss that is computed from the
welfare-based loss function for the range 6 € [0,0.15]. The panel should be compared to the
Panel (b) of the Figure 2 in Weber (2011b), which plots L for discretionary monetary policy.
Again, the comparison reveals that the relative losses E‘éVB and Lg remain fairly similar for

the entire range of values considered for ¢.
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F.3 Interest rate rule

The functional form of the interest rate rule in Section 5.3 of Weber (2011b) is not affected by
the functional form of the loss function because this rule is not derived from first principles.
Accordingly, the equilibrium dynamics of aggregate inflation and the aggregate output gap are
the same for both the welfare-based loss function and the ad hoc loss function. Nevertheless,
when the same equilibrium dynamics are evaluated in terms of welfare by the welfare-based
loss function rather than by the ad hoc loss function, this affects the relative loss E}/DLVB .

Table 1 contains the relative losses £‘éVB and Lg for the interest rate rule and computed
at the benchmark calibration with ¢ equal to 0.069395. The numerical differences between
the relative losses are fairly small. This finding mirrors those obtained for optimal policy
under commitment and discretion. Furthermore, Panel (c) in the Figure 1 shows the relative
loss LWP that emerges under the interest rate rule for the range § € [0,0.15]. The panel
should be compared to the Panel (c) of the Figure 2 in Weber (2011b), which plots Lg for
the interest rate rule. The message from this comparison resembles the one obtained from
Table 1, namely, relative losses are fairly similar.

Overall, the analysis in this appendix suggests that the monetary policy consequences
of the product replacement bias in Section 5 of Weber (2011b) are not driven by assuming
the ad hoc loss function. Rather, fairly similar results emerge when the welfare-based loss

function is employed for the analysis.

G The firm-specific productivity (FIP) model

This appendix provides technical details on the derivation of the extended model with firm-
specific productivity that occurs in Section 7 of Weber (2011b).
G.1 Intermediate good firms

The technology is

Yj = g%t (Atth)l/X K;til1/x _

The output Yj; of product j is produced with labor L;; and capital Kj;—1, with x > 1. If
g > 1, then the term ¢°* captures productivity growth at the firm level. The productivity

grows with the age s;; of firm j. This mechanism of a firm-specific level of productivity is
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from Weber (2011a). Stochastic aggregate productivity A; is labor-augmenting and identical

across firms.

G.1.1 Input mix

Firms rent capital and labor in perfectly competitive factor markets. Let W; and PyrF denote
the nominal wage rate and the nominal rental rate on capital services, respectively. Firm j

minimizes total costs over Lj;, Kj;—1 and subject to technology:
. 1-1
Wil + Prf Kjeoy st Yjo= g% (AcLy) VX K%

Optimality requires that the firm uses the expensive input less:

Kjtfl _ (1—1/X> Wt
th 1/X PtT’iK.

Plug the optimal input mix into the technology to obtain the factor demand functions:

K = Yi (m)“X(l—l/x)“X LY (Wt >1/X1<1—1/x>1/"1
T s aAlX \ P 1/x P Al \ P 1/x '

Plug the factor demand functions into total costs and obtain nominal total costs:

Yii

Iy (P Y
gsthz/X t ( t )

TCj =&

Define the constant = = (1 — 1/x)~ 7% (1/y)~ /%) Total costs are firm-specific because

output and productivity is firm-specific. Nominal marginal costs are:

th/x (Ptrtk)lfl/x
gSJtAtl/X

MCy, =

[1]

AAISO7 TCjt == MCjtht.

G.1.2 Pricing

Firm j resets its price Pj; infrequently according to:

00 —0
s P
max Ey E (6B)" Qiqi [PjeYjeyi — MCjiyiYjivi] st Yy = < 2 > Yigi-
it =0 '
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Factor ' 1 = u“fzaggl) Pﬁ - discounts nominal payoffs and x = a(1 — §) is the prob-

ability to produce tomorrow at old prices accounting for exogenous firm death. Optimality

requires:
0= Etz )! ueCrrin Eivi) (Yt“> <Pt+i>0 P <Pt+z> _ me;ﬂ'
Uc Ctaft) th Pt Pt Pt 0—1 gz

Define the real wage rate as w, = Wy/P,. Define real marginal costs of a new firm as:

mey = E(wt/At)l/X (rtK)lfl/X . (G.1)

Rearrange the pricing equation according to:

ucc i§f 7,) Yits Py o
LBy o BOSTs/e ieie) (%) (52) met,
Ji_ .

P h-1 Ue(CoikSys) (Yins\ [ Pras \071
t By 2By e (%) (5

(G.2)

Denote the optimal relative price of a new firm with s;; = 0 as py = gOP* /P;. Obtain in

aggregate steady state with = 9%01. Linearize the pricing equation for a new

firm at the steady state with 7 = ¢ to obtain:
pr=(1—kpm - 1)mct + Hﬁﬂ Et[frtH + Piq] - (G.3)

G.2 Price level

The aggregate price level P; is the cost-minimal price of the final good Y; and is defined in

equation (G.10) below as:

PtI—G :/(; Pl —0 dj

Aggregating individual prices to the price level is done exactly as in Weber (2011a). There,
aggregation exploits a relationship among the optimal prices of firms with different age that
follows from the pricing equation (G.2). For any two firms j and j’, the pricing equation

implies that optimal time ¢ prices are proportional across firms with different age:

Py = g(s3re—sit) Py, . (G.4)
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Let j denote the young firm, s;;; > sj, such that s;; — sj; is a positive integer. The equation
says that the price of the young firm exceeds the price of the old firm if g > 1.

More generally, acknowledge that the current price Pj; of a firm j equals either the optimal
price of the current period or the optimal price of some previous period. Express this price

as:
Pjt:Pt**(nJrk),tfk’ n=0,1,2..., k=012,....

The first subscript ¢t — (n + k) indicates the date of market entry of the firm. The second
subscript ¢ — k indicates the date of the last price change. Index n denotes the time between
entry and price change. With this new notation, rearrange equation (G.4) as follows. Let firm
j be of age k and have a price spell of k periods. Let firm j' be of age n + k and have a price
spell of k periods. Rearrange equation (G.4) as P w=9" Pt*—(n—i-k),t—k'

Employ this relationship among optimal prices of firms with different age and follow the

steps outlined in Weber (2011a) to obtain a recursive representation of the price level:
Ptlig =ng(1 - ’ig(e_l))(Ptft)l_e + ”Ptljle :

The scalar n, is defined as n, = §/[1 — (1 — §)g~ Y], with (1 — §)g®Y < 1.5 Rearranging

the price level recursion in terms of aggregate inflation yields:

1 =ny(1— kg )i~ 4 ey 7 (G.5)
Aggregate inflation is defined as m; = P,/ P,—; and the optimal relative price of a new firm is
equal to p; = Py /P;. Tt follows from the price level recursion that, in the steady state with

m = g, the optimal relative price of a new firm is equal to:

1 1—gr@-1 1

)l — =
ng 1—rg@=1  ng

Calculate the price level recursion rearranged in terms of inflation at this steady state to the

6Scalar n, replaces n, in Weber (2011a) to avoid confusing notation.
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first order to obtain:
K/g(e*l)

Py =

G.3 New Keynesian Phillips Curve

Combine the pricing equation (G.3) and the price level recursion (G.6) rearranged in terms
of inflation to obtain the New Keynesian Phillips curve (NKPC):
. (1= rg") (A~ kBg")

J— —~ % ~
T = 1g @1 me; + BE[fi4a] -

Calculate the real marginal costs (G.1) of a new firm to the first order to obtain with a; = Ay
me; = (1/x) (@ — ag) + (1= 1/x)7 .

G.4 Aggregate technology of intermediate good firms

Aggregate the optimal input mix across all intermediate firms:

1 1—1/x> W, /1
K 1dj = L dj
/0 jt—1@) ( 1/X PtTtK . jt a4

Denote aggregate capital as K;_1 = fol Kj;_1dj and aggregate labor as L; = fol L dj.”

Obtain:

1-1
’I“tKKt,1 = ( /X> tht . (G?)
Thus, the labor capital ratio is the same for all firms. Calculate it to the first order to obtain:
ALKy =+ Ly

Now rearrange the firm-specific technology according to:

| Lj \'/X
Yji/g%t = <AtK > Kjq .
jt—1

"See also the Appendix G.11 on market clearing.
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Ljv _ Ly
Ko = Koo Aggregate over

The the labor capital ratio is the same for all firms such that

all intermediate firms and replace Yj; by product demand defined in equation (G.10):

L/p.\~? o L 1/x r1 ‘
Y%/O <];tt) g St dj = (Athil) /0 Kjt—l dj .

Define the shifter of aggregate productivity according to:

1 —0
Pj; s
A:/ (J> Sit dj
t . P, g ]

Obtain the aggregate technology:

Y, = AV (AL) X KX (G.8)
Calculating the aggregate technology at the steady state to the first order yields:
Yi=ar+ (1/x)Le+ (1 - 1/x) K1 .

This expression exploits the fact that, to the first order, the endogenous shifter of aggregate

productivity Ay is constant and equal to zero. I show this next.

G.5 Productivity shifter

Transform the productivity shifter A; into a recursive expression following similar steps as

for the aggregate price level.® This yields:
Ay =ng(1— kg D)) + (k/g)ml A1y .

Obtain in the steady state with m = g that A = n, (p*)~?. When calculated to the first order,

the productivity shifter evolves according to:
Ay =rg’ A1 -0 {(1 — kg )pr — ﬁg‘?—lfrt} . (G.9)

Equation (G.6) implies that the term in curly brackets is zero to the first order. This yields

that A, = ﬁgeflAt_l, and imposing that A_qis sufficiently small, it implies that the pro-

8The exact details are contained in Weber (2011a).
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ductivity shifter A; is zero to the first order.

G.6 Final good firm

The final good firm buys intermediate goods on the market, produces aggregate output Yz, and
sells aggregate output to consumer, investors, and the government in a perfectly competitive

product market. The final good firm solves:

1 1 91 %
min/ PuYudj st Y= (/ the di)
Yie Jo 0

The final good firm’s cost-minimal price level and its product demand function are:

1 iz P\
P, = </ P};%) , Y= <3> Y; . (G.10)
0 By

Zero profits require that PY; = fol P;iYjidj.

G.7 Household

Household ¢ € [0, 1] maximizes discounted expected lifetime utility:

{Zit,Bt,Xt,Kt,W;1,Ct }32

max By B'[u(Ch&) —h(Li)] , 0<B<1. (G.11)
t=0

The flow budget constraint and capital accumulation are:

Et[Qt,t+IZit+l] + B; + Pt(Ct + Xt> =Zi+ (1 4+id4-1)Bi—1 (G.12)
+ PrE K 4+ (1 — 70)WyLis + T + Dy

Ki=1—-0)Ki 1+ 6 [1—S(X/ X 1)] Xy . (G.13)

Variable Z;; denotes household holdings of one-period state-contingent nominal assets. House-
o—1 0

hold preferences over intermediate products j are Cy = ( fol Cjtg dj)e-1, with 6 > 1. House-

hold demand for product j is Cj;/Cy = (Pjt/ Pt)_e and the cost-minimal price of C; corre-

sponds to P; defined in equation (G.10). Terminal conditions (not shown) require household

solvency. I employ the following function forms:

1-1/o(¢c\—1/0 __ 1+v
C1-1/e (ge) Lo

ue. &) = 1-1/o ! 11
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The shock £¢ equals unity in steady state.

G.8 Government

Government consumption ¢; is exogenous and is the same bundle of individual products j as
Cy. The government budget constraint is (1 +4;—1)Bi—1 + Tt + Pigt < By + 71, fol Wit Ly di.
The government issues a riskless one-period bond B; and collects labor taxes 7. Government
expenses consist of debt service (1 + i;—1)B;—1, consumption expenditure P;q;, and transfers
T to households. Government income consists of new debt By and income from taxing labor.
Terminal conditions (not shown) require government solvency. The government controls the

nominal interest rate ;.

G.9 Intertemporal optimality conditions of the household

Denote with A/ the multiplier on the capital accumulation constraint (G.13), and define
Tobin’s Q as ©; = AKX /(P,)\;). Deriving the optimality conditions to the household problem

and rearranging them yields:

ue(Ciy1,6541) P

0 =
te+1 =P uc(Cr, &) Py

Uc(CtJrlyftCJrl) P
uc(Cr, &) P

(+i)" =5E,

UC(Ct+1 ) ngrl)

0, =BE K +0:1(1—96
t =BE; ue(Ch, €9 [Tt+1 1 ( 9] (@14)
X 1 Xt
1 :@tet 1-— S(Xt/Xt_l) ) (Xt/Xt—l)X
ue(Cry1,€f11) X1’
+BEtW@t+lfﬁlsl(Xt+l/Xt) < ;(Jtrl>

Ki=(1-0k)Ki1+€8[1—8(X/ X 1)] X .
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In steady state, obtain:

1+i = @/

X = [1-(1-6&)]K .
Calculate the optimality conditions accurate to the first order and define g; = —ff to obtain:

Ci—g = E(Cir — gi1) — 0(is — Eyfrysn)

. . . K 1—6 .
= —o'E - (o= " piK oL 1TOK g
CH 07 E(Crat —gen1) + 07 (Co—g0) + (=00 B Y TR 1 o) 10141
. 5 A 1. 1,
1+8)Xy = Xi1+BEXi+ y@t + ﬁetx
Ko = (1=06)Ki1+[1—(1=0g)&e +[1—(1—6x)X; .

G.10 Labor firm and wage setting of the household

Household 7 is a monopolistic supplier of its labor service L;. It sells this service to a repre-

sentative and competitive labor firm.

G.10.1 Labor firm

The labor firm transforms labor services L;; into composite labor L; by the technology:

1 fw-1 %
Lt:(/Lit"“f di) ; 0w >1.
0

Minimizing costs fol Wit Ly di over all L and subject to the aggregation technology yields

the demand function for the labor service of household i, Ly = (W;;/ Wt)_ew L;. Aggregation

yields that the average wage W; is equal to the following wage index:

1 e
Wy = < / Wit di) .
0

The zero-profit condition implies that Wy L; = fol Wi Ly di.
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G.10.2 Wage setting of the household

The wage setting mechanism is similar to Smets and Wouters (2003). The household i sets
the nominal wage W} for its specialized labor service L; in order to maximize its lifetime

utility:
e By (0wB)’ [+ = hlLivss) (G.15)
it s=0

The household accounts for the fact that it can adjust its wage only with probability «,, in
future periods. The dots indicate the consumption component of lifetime utility that does not
influence wage setting. Utility maximization with respect to the nominal wage W} is subject
to the budget constraint (G.12), to the labor firm’s demand for household ¢’s labor service,

and to wage indexation to aggregate steady state inflation, respectively:

= (1= 7)) Wit sLitss
LitJrs = (WitJrs/WtJrs)_ew Lt+S

STI7*
Witgs = m W5 .

The dots indicate the components of the budget constraint that do not influence wage setting.

Deriving the optimality condition and rearranging it yields the wage setting equation:

o] s O (v s w (V v
()0 = Ouwn B % o (wB) Leswit ™ (Prys ) (Per®)) P 0 Ly
t = o — /o
(O = DL =72) B, 5% (0B)* L sty (Prys/ (Per®)? ™ (Crysbtyy) ™
(G.16)

The optimal real wage is defined as w; = W} /P;. The right-hand side is independent of the
household index i. Therefore, all reoptimizing households choose the same optimal wage. In
steady state, obtain:

0

*\ 14+20,, wl] vy TV l/o
- Lv'C .
(w™) R 7_L)w
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In G.10.3, I show that the wage index implies w = w* in steady state. Accordingly, obtain

for the wage setting equation in steady state:

9w77 1
= e
U eyt ¢

G.10.3 Wage index and wage setting equation

Exploit the fact that all reoptimizing households choose the same optimal wage rate in order

to rearrange the wage index thfaw = fol Wiltfaw di according to:

—VYw *Gw —Vw wT —Yw
wtl fu = (1—aw) (w:)l + 0 7Tt€ lwtl—f :
This equation yields that w = w* in the steady state. Calculating the wage index to the first

order yields:
Wy = (1 — )Wy + v (-1 — ) - (G.17)

Combine this approximate wage index with the wage setting equation (G.16) calculated to

the first order. This yields the equation that describes the evolution of the average real wage:

N X (1 — aw)(1 — awf) .,
we = m(wt*_”t)_aw(1+5)(1+uew)“t +

[ = iy — L+ o N O — 1)) -

Byl + 7
1+ 3 1w + e

G.11 Market clearing conditions and resource constraints

Aggregating the households’ budget constraints across households and imposing stock market

clearing at fol Zipdi = 0 yields:
1
B+ P(Ci + Xy) = (1 +i4—1)Bi—1 + PtTtKKt—1 +(1—77) / Wi Liydi + T; + Dy .
0

Consolidate this budget constraint with the government budget constraint and employ the

zero-profit condition of the labor firm to obtain:

P(Ciy+ X+ q) = PtTtKKtq + WLy + Dy
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Aggregating profits in the intermediate goods sector yields:
1 1 1
D= [ Dudi=PYi-Wi [ Lyidi~ Pl [ Kyadi.
0 0 0

Capital market clearing requires that K;_1 = fol K1 dj. Regarding labor services, household
1 supplies service L to the labor firm. The labor firm aggregates all imperfectly substitutable
labor services Lj; to L;. Aggregated labor L; is sold to intermediate good firms, and market
clearing on the labor market between the labor firm and the intermediate good firms requires
that L; = fol Lj; dj. Plug capital market clearing and labor market clearing and aggregate
profits of intermediate firms into the consolidated budget constraint to obtain the aggregate

resource constraint:
Yi=Ci+Xe +q -
Calculating it to the first order yields, with s. = ¢/y, s, = z/y, s, = ¢/y:

}A/t == Scét + SxXt + Sqqt . (G18)

H Solution of the firm-specific productivity model

This appendix provides details on solving the firm-specific productivity (FIP) model, derived
in Appendix G. The nonlinear FIP model comprises the equations (G.1), (G.2), (G.5), (G.7),
(G.8), (G.9), (G.14), (G.16), (G.17), and (G.18) plus a specification of monetary policy.

H.1 Steady state

From these equations, I compute the great ratios s. and s, in the steady state with 7= = g.

Variables without a time subscript denote steady state values. The following variables were
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already determined before:

P = ng 0—1
A= ng(p)”
met = lp*

Now solve for the great ratios s, and s, as follows. Marginal costs of a new firm imply:
(w/rFVX = mer (K1t AVX

All variables on the right-hand side are known. The optimal input mix implies:

— 1/x
w/me = ()

Aggregate technology implies:
Y/K = AT'AYX(K/L)7Vx
The investment equation implies determines the investment share of output:

sy = X/Y

= [1-(1-6k)K/Y .

The share s, of government spending over output is calibrated. Thus, aggregate accounting

yields:
Se = 1l—s;—354.

H.2 Linearized model

There are 12 endogenous variables, Y,C, X, K, L,i,7,0,r5 w, mc*, u*, and there are 12
equations in the linearized model. I add ad hoc a cost push shock u; to the NKPC, a wage

markup shock u,; to the wage equation, and a monetary policy shock u; to the interest
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rate rule. Thus, there are seven exogenous shocks: u,u", a,g,q, e~ , u. These are the same

seven shocks that are also employed in Smets and Wouters (2007). Exogenous shocks follow

AR(1) processes. For the calibration of parameters, see Section 7.4 in Weber (2011b). The

12 linearized equations are:

(1 +/8)Xt

K

(14 By

—~ %

me;

ftK + K1

Ey(Ci1 — gi41) — (it — Erfresn)

K
-1 A —1/A T ~K 1_(5K A

—0 E(Ciy1 — Cy — E E:©6
o Ey(Crpr — ge1) + 0 (Cy gt)+TK+(1—(5) i1 T K (1= o) 1Ot
. ) 1. 1

Xi1+ BE X1 + o0t + 56

(1= 0k) K1+ [1— (1= 0x)l&* +[1— (1 - 01X,

(1 — ) (1 — ayp)
(1 4+ v8y,)

W1 — T — [’ 4+ BE Wiy + Treg1] + uy’

Wy — L + 0 H(Ch — g1)]

(1 kg )1 — KBg"")
fgg(e_l)

771\0: + ,BEt[ﬁt+1] + U

(1/x) (@ = ar) + (1 = 1/x)7{

Wy + Ly

scé’t + sxX't + 54G;

ar+ (1/x) Lt + (1 = 1/x) K

Girit—1 + Gnfre + Oy Vi + GTE 4 SRV A iy
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H.3 Measurement equations

Proposition 7 in Weber (2011b) establishes that ;" = a,(L)7; for the FIP model. The lag
polynomial a,(L) is described in terms of primitive parameters in Proposition 7. Moreover,
Proposition 8 in Weber (2011b) establishes that P, — Pt’?}_l = b,(L)m;. The lag polynomial
b,(L) is described in terms of primitive parameters in Proposition 8. Measured output is
defined as }A/;m = ?t + Pt — ]5{7’;71. Define the auxiliary variable PD; = ]3,5 — pﬂq to bring

the lag polynomials into a recursive form:

1—a

= kil + (1 ) = (1 D)

1—kp
Y™ =Y; + PD, (H.1)

pp, = 0= (1=3)p)

1—kp

7w+ kypPDy—1 .

When mapping the model to the data, I also account for the fact that, in order to obtain
the real wage, the nominal wage rate in the data is denominated by the measured price level.
Accordingly, define the measured real wage as w;* = W,/ Py, and rearrange this definition
as wy" = wP;/P[_;. Calculated to the first order, obtain @ = w; + by(L)7:. Analog to

measured output, rearrange the measured real wage according to:
wy* = W+ PDy . (H.2)

Measurement implies that the four measured variables 7}, }A/tm, PD;,w and the four mea-
surement equations (H.1) and (H.2) must be added to the linearized model that is summarized

in Appendix H.2.
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